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■ lg't}U!$Js9Jb;t}K

■ s$'gegXt}&G<?JX5i&f;s?< (MMDS:
Center for Mathematical Modeling and Data Science, Osaka
University)

◆ b;]1tg: gX!{l6Wm0i`rs!

■ t}WLU!$Js93<9

■ b;PQ&)X3<9

■ $s7e"is93<9

◆ t}bGjs0tg'3oN{Wm0i`rs!

◆ G<?JXtg'7oN{Wm0i`rs!
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■ $N]x'33t/, b;V>, ]1J"/Ae"j<NQKV
>NX8,s>9K+αG&fV~X8

◆ "/Ae"j<qJNBj6)

J/} 100,000pJe'2016/]1U)<i` atgeKFK
◆ DNR,jJhZ, OB/OGK)
◆ #NR,jJ+gY/q'egb, X>wK

■ ]1t}Hb;t}>}XsG*$F[7$

■ VgMWNXdNh'X]*, #g*
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ASTIN/AFIR 1999 (Tokyo)
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ASTIN(Actuarial Studies in Non-Life Insurance), AFIR(Actuarial Approach for
Financial Risks)N$&gq

■ Jun Sekine: “Quantile hedging for defaultable securities in an incomplete
market.”

max
π

P
(

F ≥ Xx,π
T

)

◆ F := F11{τ>T} + F21{τ≤T},

■ T > 0: ~|, τ : GU)kH~o,
■ F1: GU)kH,/-J$H-N~|-cC7eUm<,
■ F2(≤ F1): GU)kH,/-?H-N~|-cC7eUm<,

◆ Xx,π
t = x+

∫ t

0
πsdSs: XC8]<HU)j*N~o tGNAM.

◆ s0wTlGNAJU1&XC8.

■ (equilty-linked) life-insurance contract XN~Q (Melnikov et al., 2005, 2006).
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■ b0jG0V7F$?.

◆ Gerber, Shiu, Boyle, Bühlemann, Engle, Wang, Artzner, Filipovic,
Hernandez-Hernandez, ...

v~geGOb;]15i&f;s?<_)K~1?`wf

t}U!$Js9KbL8?]1t}lgH
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Zürich):

◆ H. U. Gerber (Lausanne), E. S. W. Shiu (Iowa), P. Boyle (Warterloo), D.
Dufresne (Melbourne), ...

c'

?0



ASTIN/AFIR 2005 (Zürich)
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■ b0jG0V7F$?.

◆ Gerber, Shiu, Boyle, Bühlemann, Engle, Wang, Artzner, Filipovic,
Hernandez-Hernandez, ...

■ v~geGOb;]15i&f;s?<_)K~1?`wf...
t}U!$Js9KbL8?]1t}lgH (suggested by F. Delbaen, ETH
Zürich):

◆ H. U. Gerber (Lausanne), E. S. W. Shiu (Iowa), P. Boyle (Warterloo), D.
Dufresne (Melbourne), ...

c'Dufresne’s formula

∫ ∞

0
exp {2 (Wt − kt)} dt =

law

1

2G(k)
, P

(

G(k) ≤ c
)

:=

∫ c

0

xk−1e−x

Γ(k)
dx,

(k > 0, (Wt)t≥0: Brown?0).
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Actuarial science: The early years

■ Profession to serve a public purpose.

■ Started with Equitable 1762

■ Actuaries computed premiums

■ Estimated reserves

■ Assessment of solvency

■ Concepts used

1. Basic probability
2. Compound interest

■ Finance ideas used were state of the art at the time
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How we drifted apart

■ Big advances in finance

1. Bachelier(1900)
2. Markowitz(1952)
3. Sharpe Linter CAPM(1960’s)
4. Black Scholes Merton(1973)

■ In the beginning actuaries tended to ignore these developments
■ However new products were introduced that needed these ideas
■ Financial economics now generally accepted as useful by the

profession
■ Hans Bühlmann’s Actuaries of the third kind 1987 Astin editorial
■ Struggle still goes on in some professional actuarial bodies

⇒ Signs of Convergence
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■ ^<1CHNC'

◆ F: z(*;+s@j<^<1CHJ=hzjK
◆ I: ;+s@j<^<1CHO5$J>dO5$K

■ TlN0w-

◆ F: 0w-r7P7P>jJG-kK.
◆ I: \A*Ks0w.

■ XC8s0&j9/jL=

◆ F: #=]<HU)j*rHsGj9/rj&,
◆ F&I: j9/Kw(Fq\ (`wb)rQ`.

■ 8?]1, /b'69|@s
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■ 8g*j9/:

S :=

N
∑

i=1

Ui, St :=

Nt
∑

i=1

Ui,

◆ (Ui)
∞
i=1, H)1,[N(Qts'/l<`[NbGk,

◆ (Nt)t≥0: PoissonaxJWtax; UiHOH), /YQi
a<? λK'/l<`/8otNbGk

■ gtN!''

S

N
→ E[U1] as N → ∞,

St
t

→ E[N1]E[U1] = λE[U1] as t→ ∞.

h S ≈ NE[U1] (as N ≫ 1), St ≈ tλE[U1] (as t≫ 1).
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1. c]1A'p = E[U1]

2. |TM6}'p = (1 + θ)E[U1], (θE[U1]: UC]1A),

3. 8`P96}'p = E[U1] + α
√

V[U1]:

4. ,66}'p = E[U1] + βV[U1]:

5. zQ59L6}'E [u (p− U1)] = u(0), u: zQXt (e.g.,
u′ > 0, u′′ < 0).

6. Xt6}'pγ =
1

γ
logE

[

eγU1
]

(γ > 0: j9/srQia<?)

◆ lim
γ→0

pγ = E[U1], lim
γ→∞

pγ = sup
ω
U1(ω).

O K*$FXtzQ rNQ7?bN
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3. 8`P96}'p = E[U1] + α
√

V[U1]:

4. ,66}'p = E[U1] + βV[U1]:

5. zQ59L6}'E [u (p− U1)] = u(0), u: zQXt (e.g.,
u′ > 0, u′′ < 0).

6. Xt6}'pγ =
1

γ
logE

[

eγU1
]

(γ > 0: j9/srQia<?)

◆ lim
γ→0

pγ = E[U1], lim
γ→∞

pγ = sup
ω
U1(ω).

6O 5K*$FXtzQ u(x) := 1−e−γx

γ rNQ7?bN.

E [u (p− U1)] =
1

γ

(

1− e−γpE[eγU1 ]
)

= 0
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■ (Wt)0≤t≤T : Brown?0,
■ F := f ((Wt)0≤t≤T ), (E[F

2] <∞).

F = E[F ] +

∫ T

0
φFt dWt

r~?9,gax (φFt )0≤t≤T (E
[

∫ T
0 (φFt )

2dt
]

<∞) ,lUKj

^k.

33G
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■ (Wt)0≤t≤T : Brown?0,
■ F := f ((Wt)0≤t≤T ), (E[F

2] <∞).

F = E[F ] +

∫ T

0
φFt dWt

r~?9,gax (φFt )0≤t≤T (E
[

∫ T
0 (φFt )

2dt
]

<∞) ,lUKj

^k.

33G

∫ T

0
φFt dWt ≈

N
∑

i=1

φFti (Wti+1
−Wti) as N ≫ 1

(ti := iT/N).



No Arbitrage Price(= Replication Cost)

17 / 33

■ dSt = a(t, St)dWt + b(t, St)dt: N(y,}x0JtAbGkK, 9JoA
∆ ≪ 1NH-

St+∆ − St = a(t, St)(Wt+∆ −Wt) + b(t, St)∆, Wt+∆ −Wt ∼ N(0,∆).

■ F := f ((St)0≤t≤T ): tANXt (b;I8&J).
■ Q: 1M^kAs2<k,YJj9/f)N(K.

■ #=:

F = EQ[F ] +

∫ T

0
φFt dSt

r~?9,gax (φFt )0≤t≤T ,lUKj^k.

◆ (&U)=V5j EQ[F ]W+ V0*J?Q (φFt )0≤t≤T Khk_Q}WW

◆ EQ[F ]=V5[jAJW
◆ (φFt )0≤t≤T : XC8o,
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■ F := f ((St)0≤t≤T , Z), (Z: tAQ0j9/HO[Jkj9/)
Nlg#=OG-J$Jt,*Kj&G-kj9/O"k@m

&,...K

F 6= C +

∫ T

0
φtdSt,

∀(C, φ).

■ b;j9/I}GO, j&G-J$j9/X(;:[, N(Qt)
rj9/\Y ρrQ$FW,, j9/r+P<9k?aK,WJ
q\rQ`.

c 1) Value at Risk. ρ(X) = VaRα(X) (e.g. α = 0.99), ?@7

P (X ≥ VaRα(X)) = α.

c 2) Conditional Value at Risk. ρ(X) = CVaRα(X), ?@7

CVaRα(X) = E[X|X ≥ VaRα(X)].
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Figure 1: Warren Lester (NUST)n.Khk
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■ 2M8%'P. Boyle and M. Hardy (2003): “Guaranteed Annuity Options”,
Astin Bulletin, 33 (2).

■ Qq]1qRG9sK/T5l? “#(”J69|*W7gs (’70s-’80s)

F := ST max

(

a65(T )

g
− 1, 0

)

: ~o T KX~TKY'olkb[.

◆ (St)t≥0: t0]<HU)j*AMaxJN(axK
◆ a65(t): 65PNM,u1hkY-/bN~o tGNAMJN(axK

■ bxJdz(Kd`4(NXtG=5lk.
■ bxց ⇒ a65 ր, `4(ց ⇒ a65 ր.

◆ g: "i+8ahail?Q9l<HJjtK.
◆ T : ~|J20/, 30/K.
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■ s0wTlGNAJU1dj.

U!$Js9}@rgQ9kH

"k j9/f)N(

/Tv~ObbxuVG"C?3Hb"j G/T5lF$?

bGkN_99Z7U#1<7gs*

=Ne /eK~jt0TlNh7=J*K bxN<nJ*K `4(N

~1J*K

[HsIXC8G-J$b;&]1&JrAJ G/T7F$?

J6K9|=,J't0Tl bx `4( KOgQq7$

anG<?N,O+i=,G-J$*

mP9H J=,j!

69|dz(Ndj'D-PQXJIGb
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■ s0wTlGNAJU1dj.

■ U!$Js9}@rgQ9kH...

p = EQ [DTF ] : “fair” price of GAO (??)

(Q: “"k”j9/f)N().

/Tv~ObbxuVG"C?3Hb"j G/T5lF$?

bGkN_99Z7U#1<7gs*
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■ s0wTlGNAJU1dj.

■ U!$Js9}@rgQ9kH...

p = EQ [DTF ] : “fair” price of GAO (??)

(Q: “"k”j9/f)N().
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◆ 69|dz(Ndj'D-PQXJIGb...
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Xx
t := x+ ct−

Nt
∑

i=1

Ui, t ≥ 0,

■ x(≥ 0): `wb, c(> 0): ]1A,
■ (Nt)t≥0: PoissonaxJWtax; /l<`NQYr=9K, /
YQia<? λ(> 0),

■ (Ui)
∞
i=1: H)1,[N(Qts, /l<`[Ng-5r=9.

Ui ≥ 0, Ui ∼ ν, E[Ui] = µ(<∞).

τx := inf {t > 0;Xx
t < 0} : ruin time

■ ψ(x, t) := P (τx ≤ t), ψ(x) := P (τx <∞) 'K:N(,
■ φ(x, t) := 1− ψ(x, t), φ(x) := 1− ψ(x) '88N(.
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Figure 2: Wikipediahj



y,Q,}x0

⊲ Plan

§0. J<d,?

§1. DM*Xoj

§2. Fin. & Ins.

§3. j9/bGk

⊲ CL model

⊲ j9/ax

⊲ y,Q,}x0

⊲ CL Approx.

⊲ y,D=-

⊲ ]1qRNG,?Q
dj

⊲ _j

⊲ dj

⊲ kL (1)

⊲ kL (2)

k@

25 / 33

φ ∈ C(R+),
∃φ′+,

∃φ′−. 9K

cφ′+(x) =λφ(x)− λ

∫ x

0
φ(x− y)dν(y), x ≥ 0,

cφ′−(x) =λφ(x)− λ

∫ x−

0
φ(x− y)dν(y), x > 0.
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>j' (a) c > λµ.

(b) λ
{

M(R̂)− 1
}

= cR̂, M(r) := E[erYi ] r~?9 R̂ > 0,8_.

µ̂ :=
λ

c

∫ ∞

0
yeR̂y (1− ν(y)) dy H7FJ<,.).

i) If µ̂ <∞, then,

lim
x→∞

ψ(x)eR̂x =
c− λµ

cR̂µ̂
,

and hence,

ψ(x) ∼
c− λµ

cR̂µ̂
e−R̂x as x→ ∞.

ii) If µ̂ = ∞, then, lim
x→∞

ψ(x)eR̂x = 0.
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Xx
t = x+

∫ t

0
(rXx

s + c) ds−

Nt
∑

i=1

Ui.

Ui ∼ ν, ν: 2sy,D=, s.t. |ν ′′|: bdd and integrable on R+.
3NH- φ ∈ C1,1(R2

+)G

∂tφ(t, x)− (rx+ c)∂xφ(t, x) + λφ(t, x)− λ

∫ x

0
φ(x− y, t)dν(y) = 0,

φ(x, 0) = 1, lim
x→∞

φ(x, t) = 1.

■ ν,)YXtr}?J$H-KO φOy,D=HOBiJ$
J?ct3"jK.

■ 2M8%'“Ruin Probabilities”. Y. Mishura and O. Ragulina
(2016), Elsevier.
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■ <e gy: “N(U!/?<bGkrQ$?]1qRNG,?Q
dj”, (gegXgX!pC)X&fJ$N@8, 2017.3K

■ X"@8'

◆ B. Fernández, D. Hernández-Hernández, A. Meda, and P.
Saavedra (2008): “An optimal investment strategy with
maximal risk aversion and its ruin probability.” Mathematical

Methods of Operations Research, 68(1),
◆ H. Hata and K. Yasuda (2017): Expected exponential utility

maximization of insurers with a linear gaussian stochastic
factor model.” To appear in Scandinavian Actuarial Journal.
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]1qRNj9/ax'

Xt = x+ ct−

Nt
∑

i=1

Ui +

∫ t

0

{

n
∑

i=1

πiu
dSi

u

Si
u

+

(

Xu −

n
∑

i=1

πit

)

rdt

}

,

33G

dSi
t =S

i
t {µi(Yt)dt+ σidWt} , S0 > 0,

dYt =b(Yt)dt+ adWt, Y0 = y ∈ Rm.

■ c: ]1A, r: B4?Qbx,
■ N : Poissonax, (Ui)

∞
i=1: iidrvs, W : Brown?0,

■ S1, . . . , Sn: no`JCAKNm1q:AJax,
■ Y : U!/?<JPQWxKax,
■ µ(y) := µ0 + µ1y, b(y) := b0 + b1y: ~A,&9U!/?<bGk,
■ π := (pi1, . . . , πn): no`m1q:N?Qo,,
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(1) G,?Qdj'u(x) = 1
α(1− e−αx)KP7F

V (T, x, y; c) := sup
π

E
[

u(Xx,c,π
T )

]

rr/'G,|TzQMdG,?Qo, π̂raak.
(2) zQ59LN+O+i]1AF;P'

V (T, x, y; ĉ) = E

[

u(Xx,c,0
T )

]

.

(3) G,?QrT&j9/ax X̂ KD$F, ruin probabilityN>A
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(1) Hamilton-Jacobi-Bellman}x0'

sup
π∈Rn

[

Vt +
1

2
|σ⊤π|2Vxx + π⊤σa⊤Vxy +

1

2
tr
(

aa⊤Vyy

)

+
{

c+ π⊤(µ(y)− r1) + rx
}

Vx + b(y)⊤Vy

+λ

∫ ∞

0
{V (t, x− z, y)− V (t, x, y)} ν(dx)

]

= 0,

V (T,x, y) = u(x)

r@(*Kr$FJoy,}x0NOKnH7~`3H,G-kK, zQGg=
djNrN@(*J==,@ilk.

π̂t := e−r(T−t)

[

1

α
(σσ⊤)−1 {µ(Yt)− r1} − (σσ⊤)−1(σa⊤) {P (t)Yt + p(t)}

]

: G,?Qo,
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(2) zQ59LWl_"`'

ĉ = c−
r

(erT − 1)
v(y), v(y) :=

1

2
y⊤P (0)y + p(0)⊤y + ρ(0)(≥ 0)

■ m1q:XNG,?QrT&3HG, ]1A:[,D=KJk.

(3) ruin probability: c(P σa⊤ ≡ 0, Ui ∼ Exp(β), c > λβ = λE[Ui],
1/2β ≤ α ≤ 1/βNH-

ψ(T, x) = P(τx ≤ T ) ≤ min

{

e−R̂x, exp

(

inf
γ∈[R̂,1/β)

(κ(γ)T − γx)

)}

R̂ := 1
β

(

1− λβ
c

)

, κ(γ) := λ {M(γ)− 1} − γc, M(γ) = E[eγUi ]

■ m1q:XNG,?QrT&3HG, J"ku7<GOKruin probabilityN:
/,B=G-k.
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■ ]1t}Gbb;t}GbV|TMWraak3H,EWG

"k.

■ ]1t}bb;t}bVgMWNXd,nG"k.

■ 9|=,Oq7$.

■ ]1t}bb;t}bLr$.


	Plan
	§0. ‡È‡º”—‡ª?
	‡È‡º”—‡ª†H
	MMDS: ‰àŠZ†EŁÛ„¯‡É−Ö‡·‡é…v…“…O…›…•
	„¤‰ƒ”º‡Ì−w’¶

	§1. ŁÛ„¯’ﬂŠš‡Æ‡Ì†i„Â’lﬁI†j−Ö‡í‡è
	ASTIN/AFIR 1999 (Tokyo)
	ASTIN/AFIR 2005 (Zürich)
	Historical View (1; borrowed from P. Boyle)
	Historical View (2; borrowed from P. Boyle)

	§2. Finance & Insurance
	Finance & Insurance: ﬁÁ™¥
	‚å’ﬂ‡ÌŒ@‚¥
	Insurance Premium Principles‡ÌŠá
	‹Éﬁ¡‡ÌŁ„»™èŠš
	No Arbitrage Price(= Replication Cost)
	Incomplete Market
	VaR & CVaR
	Guaranteed Annuity Options(1)
	Guaranteed Annuity Options(2)

	§3. …−…X…N…‡…f…‰‡Æ“ÅﬁK›^Šp
	Cramer-Lundberg…‡…f…‰
	…−…X…N›ß™ö
	ﬂ÷Łª’ÏŁªŁû™ö”®
	Cramer-Lundberg Appproximation
	‡Ìﬂ÷Łª›Âﬂ’«
	ŁÛ„¯›ï”Ð‡Ì“ÅﬁK›^ŠpŒâ‚è
	’Ý™è
	Œâ‚è
	„‰›Ê(1)
	„‰›Ê(2)

	„‰Ÿ_
	„‰Ÿ_


